In this paper, we obtain the precisely sharp criteria of blow-up and global existence for the cubic nonlinear beam equation in the H 2 energy-critical and H 2 sub-critical cases, respectively.
Introduction
In this paper, we consider the Cauchy problem of the nonlinear beam equation is a class of fourth-order partial differential equations having different physical settings (see [19] ). In particular, when d = 1, Eq. (1.1) is called Bretherton's type equation, which appears in studying of weak interactions of dispersive waves (see [2] ). When d = 2, Eq. (1.1) models the motion of the clamped plate and beams (see [15] ). During the last two decades, Eq. (1.1) has been widely studied (see [18] for a review).
The local well-posedness of Cauchy problem (1.1) was established by Levandosky in [12, 13] . The stability of traveling waves and standing waves was investigated by Levandosky in [12, 13] . The asymptotic behavior and scattering properties of global solutions were widely studied in [3, 14, 17] . On the other hand, for the blow-up solutions, a sufficient condition for the existence of blow-up solutions was given by Hebey and Pausader in [9] . In the L 2 -critical case: m = 1, d = 4, the sharp criteria and limiting profile of blow-up solutions were investigated by Zheng and Leng in [22] . This motivates us to further study the blow-up solutions of Eq. By exploring the convex properties of the energy functional, we can find two invariant sets and obtain precisely sharp criteria of blow-up and global existence for Eq. (1.1).
Notations and preliminaries
In this paper, we abbreviate
, and · dx. The various positive constants will be simply denoted by C.
The work space is defined by
The functionals E and H are well-defined by the Sobolev embedding theorem (see [9] ). The local well-posedness of Cauchy problem (1.1) is established by Hebey and Pausader in the energy space H 2 × L 2 (see [9] ) as follows.
There exists a unique solu-
either T = +∞ (global existence) or 0 < T < +∞ and lim t→T u(t, x) H 2 = +∞ (blow-up).
Furthermore, for all t ∈ [0, T), u(t, x) satisfies the following conservation law:
Remark 2.2 It follows from Hebey and Pausader's result in [9] that the local wellposedness of Cauchy problem (1.1) is also true in
be the solution of Cauchy problem (1.1). If 0 < T < +∞, then lim t→T u(t,
) is B-admissible.
Next, we introduce two important sharp inequalities, which are used to describe the sharp criteria of blow-up and global existence for Cauchy problem (1.1).
where Q is a ground state of
Then the best constant C * > 0 of the Sobolev inequality
, where W is the solution of (2.4).
Remark 2.5 The sharp Gagliardo-Nirenberg inequality (2.2) was obtained by Fibich, Ilan, and Papanicolaou in [6] , and the existence of the ground state solution of Eq. (2.3) was proved by Zhu, Zhang, and Yang in [23] . For the sharp generalized Gagliardo-Nirenberg inequalities (2.2) with fractional order derivatives, the readers can refer to [4, 5, 8, 21, 24, 25] . The sharp Sobolev inequality (2.5) was established in [1, 16, 20] .
Sharp criteria of blow-up and global existence
In this section, we first consider the H 2 energy-critical case: p = 3 and d = 8. By constructing the invariants, we can find the sharp criteria of blow-up and global existence for Cauchy problem (1.1). Proof Firstly, applying the best constant of Sobolev inequality (2.5) to the energy functional E, for all t ∈ I (maximal existence interval), we get . It follows from (2.1) and (3.1) that, for all t ∈ I, f u(t) 2 2 + u(t)
Secondly, using the convexity and monotony of f (y) and the conservation of energy, we construct two invariant evolution flows generated by Cauchy problem (1.1) as follows:
4 ,
, + u(t)
According to the bootstrap and continuity argument, we can show that the corresponding solution u(t, x) satisfies that, for all t ∈ I, Thus, injecting this into (3.5) with t = t 0 ,
which is a contradiction. Hence, (3.6) is true. On the other hand, if u 0 ∈ K 2 , i.e., u 0 + u(t)
According to the bootstrap and continuity argument (see the proof of the invariance of K 1 ), the corresponding solution u(t, x) satisfies that, for all t ∈ I, u(t) .7) is true. According to the conservation of energy and assumption (3.1), we deduce that, for all t ∈ I, u(t) 4 4 = -4E (u 0 ,
Letting J(t) := |u(t, x)| 2 dx and computing the derivatives of J(t), we see that, for all t ∈ I,
∂ ∂t u(t) dx and
Inject (3.8) into (3.9). For all t ∈ I, 10) which implies that J (t) is positive and has a lower bound for all t ∈ I. Applying the Hölder inequality to J (t), we get
for all t ∈ I. Multiplying (3.10) with J(t), we deduce that, for all t ∈ I, 11) and there exists t 0 > 0 such that J (t) > 0 for all t > t 0 . Therefore, as the proof of Theorem 3.1, the solution u(t, x) of Cauchy problem (1.1) blows up in finite time 0 < T < +∞. 
